Sound propagation in flexible, porous media by Lang, William Warner, Jr.
Retrospective Theses and Dissertations Iowa State University Capstones, Theses andDissertations
1958
Sound propagation in flexible, porous media
William Warner Lang Jr.
Iowa State College
Follow this and additional works at: https://lib.dr.iastate.edu/rtd
Part of the Physics Commons
This Dissertation is brought to you for free and open access by the Iowa State University Capstones, Theses and Dissertations at Iowa State University
Digital Repository. It has been accepted for inclusion in Retrospective Theses and Dissertations by an authorized administrator of Iowa State University
Digital Repository. For more information, please contact digirep@iastate.edu.
Recommended Citation
Lang, William Warner Jr., "Sound propagation in flexible, porous media " (1958). Retrospective Theses and Dissertations. 2254.
https://lib.dr.iastate.edu/rtd/2254
SOUND PROPAGATION IN FLEXIBLE, POROUS MEDIA 
.by 
William Warner Lang, Jr. 
A Dissertation Submitted to the 
Graduate Faculty in Partial Fulfillment of 
The Requirements for the Degree of 
DOCTOR OF PHILOSOPHY 
Major Subject: Physics 
Approved: 
I .rge of "Major Work 
ead of Major Department 
Dean of Graduate Colle e
Iowa State College 
1928 
Signature was redacted for privacy.
Signature was redacted for privacy.
Signature was redacted for privacy.
il 
TABLE OF CONTENTS 
I. INTRODUCTION 1 
II. PROPAGATION OF PLANE WAVES IN A MEDIUM 
OF INFINITE EXTENT 17 
III. PROPAGATION CONSTANTS IN LIMITING CASES 
IV. REFLECTION AND TRANSMISSION AT SURFACE OF 
SEMI-INFINITE MEDIUM $0 
V. REFLECTION AND TRANSMISSION AT FREE-AIR 
SURFACE OF RIGIDLY-BACKED MEDIUM 71 
VI. NUMERICAL ANALYSIS 79 
VII. EXPERIMENTAL WORK 9^ 
VIII. COMPARISON BETWEEN THEORY AND EXPERIMENT 103 
IX. CONCLUSIONS 107 
X. BIBLIOGRAPHY 108 
XI. ACKNOWLEDGEMENTS 10 9 
1 
I. INTRODUCTION 
Consider an unbounded, isotropic, elastic medium. The 
relationship expressing conservation of mass (equation of con­
tinuity) for an elemental volume of unit area and thickness dx 
may be written in the Eulerian form when a plane, longitudinal 
wave travels through it in the x-direction: 
 ^H I à (° __ ' à "(J2- / \ 
" T7 - TTT 3 Tt~ ' U) 
Here p is the pressure in excess of the ambient value, u is 
the particle velocity, and p is the density of the medium 
(assumed independent of position). The modulus of elasticity, 
B, is defined as follows : 
ck-i1-
3 = 
±? 
r 
The conservation of momentum (equation of motion) can be writ­
ten in the following form: 
à If- _ à k 
~ Tx = f ~W (2) 
Equations (1) and (2) combine to form a wave equation for one-
dimensional propagation of plane, longitudinal waves in an in­
finite medium. Assuming a space-time dependence of the form 
where k is a propagation constant, the wave equation becomes 
2 
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By definition c is the velocity of propagation in the medium: 
c = (-r")A " 
An impedance Z is defined for this travelling wave as the 
ratio of sound pressure to particle velocity at a specified 
point in the medium: 
2 = cc • 
When sound waves propagate in an ideal gas or in air which 
approximates an ideal gas, the velocity assumes the familiar 
form: 
c = . 
Here is the ratio of specific heats and PQ is the atmos­
pheric pressure. In the ideal medium, a longitudinal wave 
propagates without attenuation and the propagation constant k 
is a real number. In most fluid and solid media, however, the 
amplitude of the longitudinal wave decreases as it moves 
through the substance. Wave motion can then be described by 
a complex propagation constant. The imaginary part of this 
constant represents the attenuation coefficient of the lossy 
medium. 
This investigation is concerned primarily with sound 
propagation at audible frequencies from air into a lossy medi­
um which absorbs a substantial fraction of the initial energy 
carried by the longitudinal waves. Absorbing materials are 
generally inhomogeneous. The equations above must be modified 
if they are to be used in a study of this type of wave propa­
gation. 
Porous sound absorbers find wide engineering application. 
They consist of a random entanglement of fibers or a conglom­
eration of small particles which are packed or fused together 
in such a way that interconnected air spaces and pores of ir­
regular shape are to be found between the structural elements. 
A microscopic description of sound propagation in such a mate­
rial is much too complex for rigorous solution. A complete 
specification of the sound field would require a knowledge of 
the forces of restraint on each fiber or particle of the medi­
um and the simultaneous solution of two problems (1): 
1. The motion of the fibers or particles under the 
action of the forces exerted upon them by the 
moving air, and 
2. the motion of the air in the irregular pore 
space under the combined influences of the pres­
sure in the initial sound wave, the movement of 
the fibers, and the inertial, compressive, and 
viscous forces associated with the confined air. 
The mathematics associated with these two problems is in­
tractable due to the high degree of randomness of the micro-
structure of most porous materials. However, a reasonable so­
lution can be obtained if simplifying assumptions are made, 
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the most important being that the first of the above motions 
is negligible. This requires that the skeletal framework of 
the medium be perfectly rigid, so that no energy is transmit­
ted into the frame when sound waves are incident upon the sur­
face of the material. There is no wave propagation inside the 
skeletal structure. 
For the purposes of this study, it is convenient to es­
tablish two categories of porous substances : those with struc­
tures which approximate the perfect rigidity requirement and 
those with flexible skeletons. An acoustical plaster is an 
example of the first type, and foam rubber is an example of 
the second type. 
The theoretical basis for a description of sound propa­
gation in rigid, porous media was established by Helmholtz, 
Poiseuille, Kirchhoff, Rayleigh and others in the 19th century 
(2, Ch. 19). During the past fifty years this theoretical 
basis has been extended, and numerous experimental studies 
have been carried out. A rather cumbersome phenomenological 
theory now exists, which describes sound propagation in some 
rigid, porous absorbers quite accurately. However, the agree­
ment between theory and experiment for other materials of the 
same class is not very good. The literature of rigid, porous 
media was reviewed by Morse and Bolt (3) in 1944. 
The present study is concerned exclusively with sound 
propagation in flexible, porous media. A necessary require-
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ment for a complete description of such propagation is that 
appropriate equations be written, which adequately describe 
wave motion in both the flexible frame and the air enclosed by 
it. In contrast to the extensive literature on rigid, porous 
materials, the investigations concerned with flexible, porous 
media are few in number. Hettinger (i]_) was among the first to 
make a clear distinction between flexible and rigid skeletal 
structures. He expressed the particle velocity inside the ma­
terial as the velocity of the frame plus the velocity of the 
air with respect to the frame. His analysis does not consider 
two distinct wave motions. 
The first investigators to analyze two wave motions with 
coupling between them were Ko s ten and Zwikker (5) in lÇljJ.» 
The complexity of the mathematics forced them to consider in­
itially only those materials which are so porous that their 
porosity (defined as fractional volume occupied by air in unit 
volume of material) is equal to one. They justified this re­
strictive assumption by stating that there were few engineer­
ing applications for flexible, porous materials at that time. 
It is true that the porosity of most engineering materials is 
greater than 0.70= However, a porosity value equal to unity 
is most appropriately considered as a limiting case. 
Beranek (6) in 1947 used the analysis of Kosten and 
Zwikker as the starting point for a theoretical study of homo­
geneous, isotropic, rigid tiles and flexible blankets. His 
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basic equations lead to two component waves, each with a dif­
ferent phase velocity and attenuation constant. However, one 
or the other of the waves was neglected in the limiting cases 
he considered in detail. It remained for Zwikker and Kosten 
(7, p. $2) to publish in 1949 the first general analysis of 
sound propagation in flexible, porous materials with arbitrary 
values of porosity. This is the most complete theory avail­
able up to the present time. It is an extension of their work 
on rigid, porous media. They approached the latter subject by 
writing appropriate differential equations, which involved 
several phenomenological parameters characteristic of the 
medium. 
To bring this phenomenological theory for rigid, porous 
materials into agreement with the basic equations of motion 
and to deduce from the configuration of the structure both the 
values of the parameters and their frequency dependence3 they 
analyzed the performance of a simplified model of a porous me­
dium which was suggested by Rayleigh (2, Sect. 3j?l) „ This 
model consisted of a number of parallel, cylindrical tubes em­
bedded in a rigid solid. Both internal friction and heat con­
duction between air and solid were considered. However, 
neither the phenomenological theory nor the parameters appear­
ing in it could be deduced from the Rayleigh model. This was 
attributed to the presence in real media of air cavities and 
pores oriented at right angles to the direction of propagation 
of the sound waves. Moreover, all the phenomenological param­
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eters could not be directly related to the geometry of the po­
rous absorber. While the physical meanings of the porosity 
(easily measured) and the air resistivity to alternating flow 
(approximated by direct flow measurements) were obvious, nei­
ther the structure factor introduced to account for configura-
tional differences between the real medium and the Rayleigh 
model, nor the apparent heat conductivity of the air could be 
calculated from a geometrical description of the sample. It 
was also impossible to measure them directly or give them ob­
vious physical significance. 
Zwikker and Kosten have extended their phenomenological 
theory to flexible media by permitting vibration of the skele­
tal frame. When the frame has a finite stiffness B^, the 
equations expressing conservation of momentum for the air and 
solid are written 
Here the subscripts 1 and 2 refer to the air and frame respec­
tively. Wave motion in the air and frame are coupled by means 
of the factor s which is defined in terms of the structure 
factor k, the porosity P and the air resistivity r 
P Tt" = + 5(u*~u,i (3) 
(4) 
The equations expressing conservation of mass are 
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Equations (3) to (6) are cited to summarize the Zwikker and 
Kosten theory. From them two propagation constants are ob­
tained, which describe right-travelling waves in an unlimited 
medium. By a proper choice of the parameters, the Zwikker and 
Kosten theory can be applied to all porous materials, those 
with rigid frames being taken as a limiting case. Moreover," 
the theory is applicable to such widely different geometries 
as the three materials shown in Fig. la. 
At least two elastic constants are required to describe 
wave propagation in a solid. However, Equations (3) to (6) 
include only one elastic constant for the solid, the bulk mod­
ulus. The need for another constant is easily demonstrated. 
If either of the materials of Fig. lb is squeezed hard enough 
by incident sound waves propagating in a direction parallel to 
the pores, the air passages will be blocked because an elastic 
body with a finite value of the Poisson ratio will bulge when 
compressed. If two geometrically identical materials with 
equal bulk moduli but different Poisson ratios are exposed to 
a sound field, the air passages will be partially closed by 
the sidewise bulging of the solid, but the degree of closure 
will be different. The Zwikker and Kosten theory does not 
(a) Three models of porous materials with the same porosity 
and air resistivity but different structure factors 
(after Zwikker and -Kosten (7, p. 21)) 
(b) Two Rayleigh models of porous materials with the same 
porosity and structure factor but different air resis­
tivities (after Cremer (8, p. 133)) 
Pig. 1. Models of porous materials 
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account for such differences in the two materials. 
Failure to consider the lateral contraction and expan­
sion of the solid in the equations of motion may have caused 
Zwikker and Kosten to overlook an important mechanism for 
coupling between the two media of a flexible, porous material. 
As longitudinal waves move through the material, the struc­
ture moves laterally. Forces are exerted on the air in the 
pores due to this motion, and the porosity changes from point 
to point in the material as sound waves move through it. 
While they have neglected this pressure effect, Zwikker 
and Kosten have considered both viscous and inertial coupling 
between the media. In some cases, coupling forces are small 
compared to the pressure squeezing. Consider, for example, 
the propagation of flexural waves in the thin walls of a long 
rubber tube with large inside diameter. An air-borne wave 
will be induced at the center of the tube due to the pressure 
variations associated with the flexing of the rubber walls. 
This air-borne wave will not be influenced by either viscous 
or inertial coupling between the air in the center and the 
side walls of the tube. In other cases, however, the effects 
of pressure squeezing may be negligible compared to those 
produced by viscous and inertial coupling forces„ 
The complexity of the mathematics forced Zwikker and 
Kosten to restrict their general theory by assuming that B^ 
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and Bg are real constants. This restriction on the elastic 
modulus for air is not stringent, because the case of great­
est physical interest occurs when the two media are strongly 
coupled. Strong coupling requires the presence of large 
viscous forces acting on the air enclosed by the pores. 
These forces will be large when the pores are narrow. The 
conduction of heat from the center to the walls of the pore 
takes place rapidly. In narrow tubes at low frequencies 
(wave length of sound much greater than pore diameter), a 
condition approaching thermal equilibrium exists between air 
and solid. The temperature of the air remains constant, and 
the compressions and rarefactions take place isothermally. 
The bulk modulus for the air is a real constant, which is 
equal to the atmospheric pressure (PQ). 
The restriction on the elastic modulus for the solid is 
more severe. If B^ is a real constant, elastic waves propa­
gate in the solid structure without attenuation. Hooke's law 
is obeyed. The stress at a particular point in the medium is 
directly proportional to the strain at any instant. For real 
materials, Hooke's law can be regarded as a first approxima­
tion, which is valid as long as the elastic or Hookean 
stresses are large compared to the dissipative stresses. 
Hon-Hookean stresses are generally small in metals. However, 
in rubberlike substances of the type considered by Zwikker 
and Kosten, they can assume great importance. Thus, the 
12 
assumption that Bg is a real constant places a severe restric­
tion on their theory. It will be advantageous to remove this 
limitation and exploit internal losses in the solid as another 
mechanism for energy conversion. 
The limitations of the phenomenological theory, which is 
based on a complicated model representing all flexible, po­
rous absorbers, demonstrate the need for a different approach 
to the problem. It appears advantageous to study a very 
simple model, which can be described by a minimum number of 
parameters. All of them should have obvious physical mean­
ings and be readily determinable. An analysis of sound propa­
gation in such a model should yield a clearer understanding 
of the physical processes responsible for energy conversion 
in flexible, porous media. 
The model chosen for this study is a simple geometrical 
configuration, which permits the existence of coupling inter­
action between air-borne and structure-borne waves. It con­
sists of an array of identical, parallel, elastic rods, which 
are uniformly spaced in air. Sound waves travel through the 
model with their propagation direction parallel to the rods » 
No attempt will be made to make this model represent all 
flexible, porous materials simultaneously. Techniques simi­
lar to the ones used in the present analysis could also be 
applied to more sophisticated models, which bear closer 
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physical resemblance to the geometries of real materials. 
The analysis proceeds as follows. In Sect. II the vari­
ous types of waves which can propagate through the model are 
discussed. It is shown that only dilatational waves are of 
interest to the present study. The various mechanisms of 
interaction between the two media of the model are considered 
in detail. The wave equation for plane, longitudinal waves 
propagating through the model is derived from the equations 
expressing conservation of momentum and mass and the equa­
tions of state for the two media. An expression is obtained 
for the dimensionless propagation constants associated with 
the two right-travelling waves in the infinite medium. Vari­
ous relationships -among the field variables are derived, 
which are needed in the application of boundary conditions. 
Sect. Ill discusses the behavior of the propagation constants 
in several limiting cases. In Sect. IV boundary conditions 
at the plane interface between air and semi-infinite model 
are introduced for two specific conditions. First, the sur­
face of the model is assumed to be open, so that the rods are 
directly exposed to the sound waves. Second, the surface of 
the model is assumed to be covered with a thin, massless mem­
brane. The characteristic acoustic impedance of the semi-
infinite model is determined for these two conditions in the 
general case. Consideration is also given to the acoustic 
impedance of the open-faced model in the limiting cases of 
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Sect. HI. The introduction of a second boundary condition 
in Sect. V brings into consideration a rigidly backed model 
with finite thickness. Energy will generally be reflected 
from the rigid surface, and it is necessary to consider the 
interaction of right- and left-travelling waves. The acous­
tic impedance is calculated at the surface of the model with 
finite thickness. In Sect. VI the results of a numerical 
analysis on an open-faced model with finite thickness are 
presented. This analysis covers a wide range of values for 
the important parameters which control the performance of the 
model. Sect. VII describes the experimental arrangements and 
measurements. In Sect. VIII the theoretical and experimental 
results are compared, and conclusions concerning sound propa­
gation in flexible, porous media are presented. 
The acoustic impedance is related to the absorptivity 
at the surface of a medium by the following expression: 
o( - I — Z - foi
C\ 
2 + /o, C, 
(7) 
Here polC, is the characteristic impedance of free air, Z Is 
the acoustic impedance at- the surface, and o< is the sound 
absorption coefficient, which is defined as the fraction of 
the incident sound energy absorbed by the medium. The acous­
tic impedance is more easily related to the physical proper­
ties of an absorbing medium than the absorption coefficient. 
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Hence, the impedance is used to describe the performance of 
models and real media. 
The notation used in the analysis which follows is sum­
marized in Table 1. The subscript 1 refers to quantities 
which describe the air in the pores of the model. The sub­
script 2 refers to quantities which describe the solid rods 
of the model. 
i6 
Table 1. Notation used'in the analysis 
Quantity Air Solid 
Sound pressure" 
Particle velocity 
Density 
static density 
excess density 
Speed of sound 
Area/unit area 
Young's modulus 
Poisson1s ratio 
Major axis stress 
Major axis strain 
Elongation in y-direction 
Time derivative of elongation 
Prictional-inertial coupling constant 
Ratio of specific heats 
Dimensionless particle velocity 
Dimensionless coupling constant 
Dimensionless modulus ratio 
Propagation constant for free air ske= 
Dimensionless propagation constant u = 
•i2, i "T2-^  
f, — foi + fi. ~ fol +• 
s, 
Cl 
A, 
C 
IS 
fo, c,u, 
f=1-
K 
A 3. 
E 
<r 
Tn,T21j-Ç J3 
 ^" j j ^ 33 
IT. 
"Fl= fov 
k'= ^ ciyLpol Ktl- LC,yL o^i 
S =• 
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II. PROPAGATION OF PLANE WAVES IN A MEDIUM 
OF INFINITE EXTENT 
A. Types of Waves to Be Found in Model 
The model consists of parallel, solid rods, which are 
cylindrical in shape and uniformly spaced. The solid materi­
al is assumed to be homogeneous and isotropic. Two elastic 
constants (YoungTs modulus and Poisson's ratio) serve to de­
scribe its behavior under stress. Air occupies the space 
between the rods. The model is initially considered to be 
unbounded. 
In an unbounded, homogeneous solid, in which no body 
forces are present, two types of wave motion can propagate ; 
irrotational (dilatational) and equivoluminal (distortional). 
When the solid is bounded, the motion is generally more com­
plicated. In a cylindrical rod, the following wave types can 
be excited: longitudinal, transverse (both compressional and. 
shear), flexural, and torsional. When Poisson's ratio has 
a finite value, a longitudinal wave produces a transverse 
contraction in the rods. This contraction will propagate as 
a transverse compressional wave travelling with the same ve­
locity as the longitudinal wave ( cz= ) . These two 
waves can be considered equivalent to a single dilatational 
wave, which travels with velocity c^. Flexural, transverse 
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shear, and torsional waves will not be excited in the model 
to any appreciable extent either by the sound waves travel­
ling in the air or by the dilatational vibrations of the rods. 
B. Derivation of Wave Equation for Model 
1. Assumptions and limitations 
In deriving the wave equation for sound propagation in 
the model, the equations expressing conservation of momentum 
and mass for the air and solid are combined with the equa­
tions relating stress and strain in the two media. The anal­
ysis is made as general as possible. However, several re­
strictions and assumptions must be made, so that the equa­
tions can be handled by straightforward mathematical methods. 
These limitations are listed in the next paragraph and dis­
cussed in the paragraphs which follow. 
Only small amplitude variations of sound pressure, 
density, and particle velocity are considered, all second-
order terms being neglected. The analysis concerns a steady-
state solution for plane waves with sinusoidal time depend­
ence propagating in a direction parallel to the reds. The 
wave length of the sound wave is large compared to the diame­
ter of a rod. The bulk modulus of the air in the model is 
assumed to be a real constant. Simplified equations are 
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introduced to describe wave propagation in the solid cylin­
drical rods. In the numerical work, the air resistivity of 
the model will be approximated by its steady-flow value. 
Simplified equations for wave propagation in solid 
cylindrical rods must be developed for the present analysis » 
The exact Pochhammer-Chree equations discussed by Kolsky 
(9, p. 54) for the vibrations of a long circular cylinder 
lead to a very complicated result, which is only valid for 
Hookean solids. Since rubberlike materials are non-Hookean 
in varying degrees, the exact equations cannot be used. 
Little experimental work has been done on wave propaga­
tion in visco-elastic rods. The available data, summarized 
by Batchelor and Davies (10, p. 117)* do not indicate whether 
the rods behave as Kelvin-Voigt solids, as Maxwell solids, or 
as standard linear solids. The equations describing propaga­
tion in these three types of visco-elastic materials lead to 
different results, and they cannot be applied in the present 
analysis. 
The assumption that the bulk modulus of the air in the 
model is a real constant appears amply justified. The case 
of greatest physical interest is the one in which the 
coupling between the two media is large. This occurs when 
the flow resistance of the model is high, that is, when the 
rods are close together, so that the motion of the air 
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between them is greatly restricted by the viscous layers sur­
rounding the rods. Temperature equalization within the air 
space will be high. The process is essentially isothermal, 
and the bulk modulus of the air is a real constant equal to 
the atmospheric pressure PQ. 
If the spacing between rods is large, flow resistance 
will be low, and only a narrow boundary layer of air sur­
rounding each rod will be restricted in its movement. The 
air in the center of the pores between rods will vibrate to 
and fro without hindrance from the rods, its motion being 
controlled by its mass » There will be practically no heat 
exchange between the surfaces of the rods and the interior 
of the pores. The process is essentially adiabatic, and the 
bulk modulus is a real constant equal to yP0. In the tran­
sition region between adiabatic and isothermal conditions, 
the compression modulus is complex, and additional losses 
will occur. However, Cremer (8, p. li|.0) has shown that the 
additional damping is so small that it can generally be 
neglected. 
The transition between adiabatic and isothermal condi­
tions for the model will occur at the same value of inter-rod 
spacing (or, alternatively, in the same frequency range) as 
the transition between Poiseuilie (steady) and Helmholtz 
(alternating) flow. This is due to the close relationship 
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between the internal friction and heat conductivity of a gas. 
According to kinetic theory, they are proportional to one 
another. Both are associated with the mean free path of the 
molecules. Thus, when the processes within the model take 
place isothermally, the air resistivity is equal to its 
Poiseuille (steady-flow) value. 
Cremer (8, p. 138) has shown that the effective density 
of the air in the isothermal-Poiseuille region is between 6/5 
and 4/3 the true density of air depending upon the geometry 
of the pore. This increase is due to the immobilizing effect 
of viscosity. The air nearest the solid material is hindered 
in its motion in much the same way as it would be if its den­
sity were increased. Cremer further has shown that this 
slight increase in density has only a small effect on propa­
gation in the porous medium, and it will not be considered in 
this analysis. 
2. Influence of dilatational waves on porosity 
It is seen in Fig. 2 that dilatational waves give rise 
to variations in the area occupied by the air between the 
rods * This area is a function of space and time, A^(x,t). 
The porosity is defined for the model as the ratio of the 
volume occupied by air per unit volume (P = A-j_). The flow 
resistance or air resistivity is not uniquely specified by 
the porosity. Fig. lb shows two Rayleigh models with the 
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(a) Unexcited model 
(b) Model excited by plane waves 
Pig, 2. influence of dilatational waves on the porosity 
of model. Direction of propagation along rods 
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same porosity but different flow resistances. Clearly, the 
porosity is insufficient to determine the flow resistance. 
3. Boundary conditions for unit cell 
The derivation of the wave equation for the model can be 
simplified by focusing attention on a single rod lying on the 
axis of a long, imaginary, square tube. The rigid walls of 
the tube are assumed to lie in the planes which form the per­
pendicular bisectors to the "lattice" planes as shown in Fig. 
3 - The boundary conditions at the surfaces of the tube are 
identical to those which exist at the same locations when the 
tube is absent; the normal component of the particle velocity 
is zero at all points on the dotted surfaces of Fig. 3. Thus, 
the interaction of one rod on another can be accounted for 
by removing all except one rod, which is located on the axis 
of the rigid-walled tube. This image technique is analogous 
to the one which is frequently used in electrostatics. 
if. Conservation of momentum for air 
Let A-j_(x,t) and A2(x,t) represent the areas occupied by 
the air and the rods per unit area of the model. Then, 
Ai +- Ag = 1- The particle velocity inside an elemental vol­
ume filled with air is u^(x,t). In this discussion the 
Eulerian approach will be taken. Attention is focused on a 
volume element fixed in the stationary coordinate system to 
which the motion is referred. 
2k 
o O O O O 
o o o o o 
o o o o o 
o o o o o 
o o o o o 
Figo 3• Location of rigid-walled square tube utilized in 
image representation of model 
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The air in a volume element, located between the rods or 
be acted upon by several forces. Fig. ij. is a sketch of a 
single rod, which has been exaggerated for purposes of illus­
tration. It is evident there will be a squeezing force on 
the elemental air volume, due to the sidewise bulging of the 
rod as dilatational waves move through it. An enlarged sec­
tion of the length dx is shown in Fig. 5-
The squeezing force exerted by the rod on the air will 
have a component in the x-direction. Assume that the elemen­
tal air volume is of length dx with cross-sectional area 
equal to that of the square tube, less the area occupied by 
the rod. The force exerted on the elemental air volume, due 
to the dilatation of rod, will be 
between the single rod and the walls of the square tube, will 
— -72^  27T r cJX . 
The component of this force in the x-direction is 
ZTT r <p . 
For small angles : 
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Fig, Force on air due to squeezing action of rod 
dr 
S i\ 
r 
4 
0 
0 
Fig. $. Enlargement of element of length dx for circular 
rod due to passage of dilatational wave 
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The force component in the x-direction becomes: 
^ Al \ è P\\ 
"
re
'* (- w àt') ~ ^ 'j* ' 
The same result would have been obtained if the cross-section 
of the rod had not been circular. The model could as well 
consist of square or rectangular rods, or rods with arbitrary 
cross-sectional shapes. 
The force on an elemental volume of air which has unit 
length is: 
The first term is the one derived above for the squeezing 
force, due to variations in the cross-sectional area of the 
rod. The second term is the force, due to the difference in 
sound pressure between the front and back faces of the ele­
ment. The third term represents a frictional coupling force 
between the two media, due to the viscosity of the air in the 
elemental volume. is the viscous coupling constant. 
It is apparent upon closer examination that viscosity is 
not the only coupling mechanism between the two media. To 
show this, several simple geometries are examined in which 
viscous coupling forces are ignored momentarily. Consider 
28 
the elemental air volume between rigid planes, shown in Fig. 
6. There is no constriction in the system. The following 
equation of motion relates the inertia of the enclosed air 
to the pressure difference between the faces of the elemental 
vo lume : 
p . 
I' at " ait 
If a stationary constriction is present as shown in Fig, 7, 
the particle velocity of the air moving in the constriction 
will be greater than u^, and the kinetic energy of the ele­
mental volume will be greater than it was in the previous 
case (no constriction). The equation of motion will be 
Here g is a correction factor, whose magnitude can be com­
puted by considering the constriction as a tube of zero 
length. The end corrections for the tube are easily deter­
mined. The important thing to note here is that the inertial 
mass in the elemental volume has increased, due to the higher 
velocity of the air passing through the orifice. This is an 
effect of alternating flow, the inertance of the air being 
analogous to the inductance of an a,c, circuit. The total 
mass of air in the elemental volume remains constant. 
If the constriction were to move with a velocity u^ as 
in Fig. 8, the velocity of the air will be (u^ - u2) in a 
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Fig. 6. Elemental volume of air without constriction 
Fig. 7» Elemental volume of air with single stationary 
constriction 
u-
Fig. 8. Elemental volume of air with single moving 
constriction 
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coordinate system moving with the constriction. In this 
system, the equation of motion is 
O 6» + p e (U^-~ **•) . 
I' èt à% n àt 
The second term in the last expression represents inertial 
coupling between the air and the structure. 
The geometry of the parallel rods model is slightly 
altered to incorporate inertial coupling between the two 
media along the lines of the development above. Assume that 
thin, rigid, massless fins are attached to the rod, located 
on the axis of the square, rigid-walled tube. The fins are 
uniformly spaced a small distance apart. Their square shape 
is slightly smaller than the cross-section of the square 
tube. The air space in the tube is broken up into a series 
of constrictions. The total force on an elemental volume of 
air in the model must now be written 
The first three terms are the same as were found for the fin-
less model. The last term allows for inertial coupling be­
tween the two media. It is clear that there will be constric­
tions in many real materials. To make the analysis as gen­
eral as possible, it will be advantageous to include the 
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effects of inertial coupling. 
The total force on the elemental air volume of unit 
length is equal to the product of its mass and its acceler­
ation 
p.*. 
Since p, = fQ[ for small amplitudes, this equation becomes 
for sinusoidal time dependence 
A coupling constant C-j^ may be defined as follows : 
_ 1^%. — i-te € £>, 
A, 
The equation expressing conservation of momentum for the air 
may be written in the following form if the above definition 
of the coupling constant is taken as valid for sinusoidal 
time variations 
1 = . , - ^  =  - +  c , ;  ( x - u , ) .  ( 8 )  
No term of the form po> appears in the above expression, 
because it is written for a stationary coordinate system, 
It is now of interest to consider the influence of 
steady air flow on the coupling interaction between the two 
media of the model. It can be assumed that the velocity 
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u-j_(x, t ) consists of two components : a steady air flow down 
the square tube and a particle velocity associated with the 
sound wave in the pipe„ Consider the coupling constant • 
It is time dependent because it involves A-p which is a func­
tion of time = Equation (8) is valid whether or not u^ con­
tains a steady flow component. If it does not contain such 
a component, the time-varying part of A-, leads to second-
... - J. 
order terms, which can be neglected. This is shown as 
follows : 
' I = ' S _!_ /, _ AAA 
At A0| •+* L. A, A o, \ Aci 1 
c,; U,- «.) - K-u.) • 
r\01 *\c>i r\o[ 
The second term to the right of the equality sign is of the 
second order and negligible unless u-^ contains a steady flow 
component, If u^_ does not contain a steady flow component, 
the only coupling between the two media will be through vis­
cous and,^inertial forces„ However, if u^ does contain a 
steady flow component, there will be pressure coupling in 
addition because the variation in cross-sectional area can 
be directly related to sound pressures in the rod and in the 
air (see below). 
It would be of interest to continue with the general 
case in which a steady flow component exists„ It would then 
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be possible to determine the importance of pressure coupling 
on the extraction of acoustic energy from the sound wave 
cate the analysis and will be left to a later investigation. 
For the purposes of the present study, steady flow will be 
assumed absent. 
5» Conservation of momentum for solid 
By analogy with the corresponding relationship for the 
air, Equation (8), the following expression is written for 
the solid: 
travelling in the air. However, such considerations compli-
(9) 
where c h 
2^. 
6. Conservation of mass for air 
Consider a volume element of area A^ and length dx. 
Mass into volume element 
Net inflow 
Mass out of volume element 
Rate of increase of mass 
in volume element 
Since the rate of mass increase equals the net inflow 
3k-
(A* fi u>) + (*> fi) - ° -
^ + f, ^ = o . 
The second and third terms above are of the second order and 
can be neglected. The equation expressing conservation of 
mass then becomes 
_t_ J— 1£l + _L AAi - o . 
a-x P, èt Ax àt 
It is necessary to determine how A-^ varies with time. Since 
À]_ 4- Ag = 1, variations in A^ with time are controlled by 
changes in the area of the rod. These changes are related 
to the elastic properties of the rod. Consider a long, 
square rod with sides of length / : 
Since i , then = 2-1 , 
and A, + Az = I , then -
Combining, J- ^  ^  jfc = - f-L- g - f;|f • 
Mow consider changes in the width and breadth of the rod, 
assuming for convenience that its left face is held station­
ary as shown in Fig. 9- P and Q are points on the y-axis 
lying at the center and the right face, respectively, prior 
to dilatation. Pr and are the new locations of these 
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points after dilatation. 
Elongation/unit width qq'- ??' P9 " % = ^ & 
Elongation in length ^ = AJ j 
A  ^  J 0 +  A J = ( l  + ; 
Mr = A -rrf-r^ -J = • à t  <àt l à t  
A fundamental relationship between stress and strain in an 
isotropic solid is 
%%r T-»* ~ (T>-> + T**) 
where E is Youngrs modulus, <r is Poisson's ratio, and T^, 
Tyy, Tzz are the principal stress components. Then, 
i,S _ J ^  
- r-E  5 t  - r 
AT-
l^>2f + I •x-x )] 
How T^_ - -p^; T^. = Tzz = -p^ because the sides of the rod 
are exposed to the sound field in the air. 
1 _ a-l. 2 ài jv 
a,  a t  A ,  ^  a t  Te" èt["Y'+ 
The equation expressing conservation of mass for the air 
becomes 
à u.» V. At. 2. à (V- t) -g2., + <r-JS_ - O . (10) 
3 ^ fox à t a, E àt 
This equation is of the same form as Equation (1) for free 
air. However, an additional term is required here to account 
36 
points after dilatation. 
Elongation/unit width PQ 
xl 
Elongation in length = A-l 3 
A ~e. + aj = (i + -||-) » 
tPlr _M_ _ 0 _LZlî_] = / 
à t  6 à t l y  à t  
A fundamental relationship between stress and strain in an 
isotropic solid is 
s* ~ ~ *" (T>-b-+ T") 
where E is Youngrs modulus, <5* is Poisson's ratio, and T^, 
Tyy, Tzz are the principal stress components. Then, 
"it" = _T^  ~ T-xx) 
Now T^ = -]?2> ~ ^ zz = "Pi because the sides of the rod 
are exposed to the sound field in the air. 
1 
= _ % _à_ 
A ,  a t  A ,  f  è t  —Ef
2*! + cC~P-t- * f-• ) A, at 
The equation expressing conservation of mass for the air 
becomes 
~à W- i  V. Ai 2 à (<r-1) -52., 4- <r-js_ -= o . (10) 
à foi ^ t Ai E ^"t 
This equation is of the same form as Equation (l) for free 
air. However, an additional term is required here to account 
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for the changes in cross-sectional area of the elemental 
volume with time. 
7. Conservation of mass for solid 
By analogy with Equation (10) for air, the expression 
for the conservation of mass for the solid may be written 
as follows : 
è . I  ^fi- | 1 a At. __ Q 
à *X- à t Ai. à iT 
This equation is not very useful in its present form, because 
the variation of with time has not been determined. 
8. Equation of state for air 
If the compressions and expansions in the air take place 
adiabatically, 
y 
P v = constant. 
Then cCP = -f-, = : 
ro ! 
where X is the ratio of specific heats, ^2. is the sound 
pressure which is. equivalent to dP by definition, and the 
air density is p, - Since the adiabatic bulk modulus 
is related to the propagation velocity in free air, ^ Ta — s 
the equation of state becomes 
-fh = c,1" - (11) 
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If the a-ir- compressions and expansions take place 
iso thermally, 
PV = constant» 
S. Then, cl P = -f-, - P 
and the equation of state becomes 
= -|- s, • 
It is seen that the equations of state for the two cases 
differ only by the factor % , which is approximately l.lf. for 
air. The adiabatic equation of state will be used in the 
following analysis. Results for the isothermal case are ob­
tained simply by substituting for C^ " . 
9« Equation of state for solid 
It is now necessary to relate stress and strain in the 
solid medium. Let Tj (x) be the displacement of the particle 
in the rod along the x-axis. Then, 
e = 12L = _L 
* *  à *  E  
 ^ C> ^ -2. 
Tt~ ~ Tx™ J 
TTtTd +" '»)j 
à ^ 7. 
" TTt ' 
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à ("4-ï. 
+ (rF% - acr^ /) - ° • (12) 
10« Expression for propagation constants 
It is now a straightforward matter to combine the basic 
equations above into a wave equation which describes wave 
motion inside the model. The five basic equations in five 
unknowns (,u2,p ^,p2,) are rewritten below for convenience, 
à W-\ 
oi à % 
( 8 )  
à ia-i_ 
at 
èlp-3. 
è X 
4- C 'I (\ - uO , 
a 2  2 è 
OI at a, e at 
(<r- O- 2^-, +• 
(9) 
- O j (10) 
-f-1 = J 
2>"X e at 
o. 
(ii) 
(12) 
Equation (11) is now substituted in Equation (10), and the 
space-time dependence is assumed to be of the following form: 
L-Jc-v: -loj-t 
"Y2-! > > 2^. Ç £ 
ko 
— Lc*jfolui — - i -grt-, "4- c,^. ^T_- W,) j (8') 
— i Cj pol_ 6<v — i- v*i -jf2-!. 4" 1/12.) , ( 9 ' )  
lXU, - ii±£> + ^ 
A, E 
= o 
L *&- (At_ g- ~ O . 
do' ) 
(12') 
The following notational changes are introduced to convert 
the basic equations to a form in which the coefficients of 
all terms are dimensionless: 
T = fe>\ Cv t^ -t » T2 = ft, Cl U7. > 
M 
k'=ii£ ' k" e  ib% 
s«^ 1  ' 
-A* = -
* " c, 
* s  x 
; 
4i 
The four basic equations become 
(l-t- K1) ?, — K ' "r\_ — iQ. -^ z-| — o , (8 ) 
- K" P, + (-&i- + K')-FL - £= O , (9") 
{I + T 2- Sfl-0-)} = O (10") 
+  " 2 .  < r —  < 5 " —  o  .  ( 1 2 " )  
The four basic equations are now written in terms of four un­
knowns : pj,p2>pi*p2° These unknowns represent the pressures 
and particle velocities in the two media of the model. The 
wave equation is found by solving the four basic equations 
simultaneously for one of the field variables. The basic 
equations have a non-trivial solution when the determinant 
of their coefficients is equal to zero. Thus, 
4- K -K 
-ft 
-K 
& 
-Ô& + K 
-sr 
= o 
& 2S<r -5 
k2 
Except for y, all coefficients in the determinant are known 
when the geometry of the model is specified. The quantity y 
is a dimensionless propagation constant. An expression for 
y in terms of the physical properties of the model is found 
by expanding the determinant of the coefficients. A fourth-
order equation in y is obtained (second-order in y^ ), 
+ <=< -t yS -= O 
o{ — — + 2.So" +• —^  Z££t-<r)J — +--^  2.<rj — 5 it ~ -J 
r  = S [ fh ( l + i < , ) +  K "][ l  +  * s J t  (•£  "  ^ 0  +• * • )  
= ± |(I+ «')[! + 2S<T4--^  2S(l-<rJ + k" 5"[l + 2<r] + Sj^ - -zrjj f!  r X 
x ±i-
4SË^ :(>kl) + k'][l + *x-srti:-,rX|+'r)] 
•^ (l-hk')L' + 2-S<r+--^ zS0 r 
(13) 
k-3 
The propagation, constant y takes on four values, all of which 
are complex quantities in the general case. Two values cor­
respond to right-travelling waves, and two correspond to 
left-travelling waves. 
11. Interrelationships between field variables 
Up to now the only matter under consideration has been 
the propagation of sound waves in a model of infinite extent. 
Looking ahead to the application of boundary conditions, it 
is•advantageous to interrelate the field variables : 
P1,P2,P1,P2» Any three of the four basic equations can be 
chosen to establish a relationship between any pair of the 
field variables. For example, four different expressions 
can be derived relating P-^ and p . When a specific value of 
y, which satisfies the condition that the determinant of the 
coefficients vanishes, is substituted in these four expres­
sions, the same result is obtained. The following inter­
relationships between the field variables are established 
by using Equations (8), (10), and (12). 
-p = K '{ H- * 0- fct- y » £*•-£ IT . (34) 
{(H-K')-^ IG- 4- «'} ft 
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\ = 
Ai •"> { ( l  +  k 1 )  a, %(T + « '} 
(15) 
£ 
•*- "7;r.:y:,t'1rH""'1 ^ ->» 
T, = J*_ 
~r- A, ^ . 5 - - k '  £  i - t -  ( * . 4 - t ) ( 1 - c t ) }  
T, (17) 
' ^£l + k'jfl+-£jXS(V<r)}+ 2.5<Tk> - £3 
i '  + v'Un- TÇ i. s  O -r)^ t^-scrk1^ -  s-3 '  1  
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III. PROPAGATION CONSTANTS IN LIMITING- CASES 
It is now appropriate to check the validity of the ex­
pression for the propagation constants which was derived in 
Sect. II. The reasonableness of this expression can be es­
tablished by examining several limiting cases„ 
A. Limiting Case of No Solid 
Suppose that the area occupied by the rods Ag is pro­
gressively diminished until the rods disappear„ It is as­
sumed that the coupling coefficients Kr and K" are finite 
even when the rods are small. The viscous coupling constant 
C^g is proportional to the surface area of the interface. If 
the radius of the rod is r, when Ag-^ - 0: 
C^2 or Kr oc (surface area of interface)/A^  CC r 0, 
C^2 or K" oc (surface area of interface)/A2 oc l/roo, 
a 2c"2 or AgK" oc r ->• 0. 
The fourth-order equation in y becomes 
°( •+" /3 = ° i 
- {' + + = °j 
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( Y - 1 ) ( ^ -  5  { - ^ 7  +  k " } )  =  °  '  
D e ± l '  1  ( $  {fr+ k"Jf • 
The first pair of roots are the propagation constants 
for free air. This is the expected result when the rods dis­
appear. Since only two constants are needed to describe wave 
motion in air, the other pair of roots is without obvious 
physical significance in this limiting case„ However, it 
is interesting to note that K" = 0 in the complete absence 
of coupling, and the second pair of roots becomes — ° 
These propagation constants describe wave motion in elastic 
rods, the phase velocity of the waves being equal to , 
V foi. / 
These roots are also equivalent to the propagation constants 
describing wave motion in an extended solid when <T=0. 
The same result as above is obtained if it is assumed 
that K' and K" are identically zero before the rods dis­
appear. This is in agreement with the results of the limit­
ing case discussed in Subdivision E below, where coupling 
forces are assumed to be absent. 
B. Limiting Case of No Air 
Suppose now that the area occupied by the rods A0 is 
d. 
progressively increased until finally no air remains in the 
4-7-4-8 
model. Following a line of reasoning analogous to that of 
the preceding limiting case, K' is retained, while K" goes 
to zero. If , the roots of the second-order equation 
2 in y become : 
~ ~ ' ~ * 
= - k'-ir- z s û - G-) 
Ai 
P = 
k
' * ^  ^  - <rJ(1 + ^ : 
 ^= 2 Q + <r) Gb ~ <r) , 00 
0 * I - <r |°6, 
The first pair of roots has obvious physical significance. 
They describe the motion of dilatational waves, in an unbound­
ed, isotropic solid. This is the result to be expected when 
the air disappears. Only two propagation constants are nec­
essary to describe wave motion in this limiting case. 
The same result is obtained if it is assumed that K' 
and K11 are identically zero before the air disappears, 
c< = — 2 S 0- <r) , 
Ai 
/3 = a-T)(l+-r) , 
k-9 
- ^ f» 
oo 
- (T 
C. Limiting Case of Rigid Solid Without Prictional 
or Inertial Coupling 
Attention is now focused on the case in which A^ and A^ 
remain finite and the rods perfectly rigid (E = oo ). If the 
assumption is made that there is no coupling between the me­
dia (KT= K"= 0), the fourth-order equation in y reduces as 
follows : 
^ = o 
V"-1) ~ ° j 
= Oj ± I . 
The physical significance of the two pairs of roots is ob­
vious . There is no wave motion in the rods (y = 0)« The 
plus and minus values of the second pair of propagation con­
stants correspond to right- and left-travelling waves in the 
air. 
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D. Limiting Case of Rigid Solid With Frictional 
and Inertial Coupling 
The same situation is considered as in the preceding 
paragraph except that viscous and inertial coupling forces 
between the two media are assumed to be present„ The fourth-
order equation in y becomes : 
+• - *') = ° 
V- (' + k')} = o , 
= o, + (i + k')'A = o,t(it . 
Again, there iS' no wave motion in the rods. Assuming the 
coupling constant C-J^ to equal the specific flow resistance 
of the model, the non-vanishing propagation constant is iden­
tical to the one derived by Cremer (8, p. 1I4.O) and others to 
describe propagation in a porous material with rigid struc­
ture, Thus, a substantial portion of the theoretical work 
on rigid, porous materials finds expression in the present 
theory as a limiting case. 
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£. Limiting Case of Flexible Solid Without Frictional 
or Inertial Coupling 
Assume next that the rods are flexible with known values 
of E and cr . No frictional or inertial forces are present, 
so the coupling constants KT and K" are both zero. In this 
P 
case, the second-order equation in y becomes 
In all cases of interest to the present study, the second 
term under the square root in the last expression is much 
less than one. Expanding, 
f = T { 1 + + 
± i {1 - « fi-e)> f1+ 
Since 2 (i-<r) in all situations of physical interest, 
the two roots of the second-order equation in y^ become 
+ "-«-v-fe- * 
i - s 
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If Poisson's ratio equals zero, 
If Poissonrs ratio equals 0.5, 
Ab z ,  fox. 
** = 1 + ^ 
Since frictional and inertial coupling forces are as­
sumed absent in this limiting case, the only interaction be­
tween the two media of the model results from pressure cou­
pling. As one would expect, the amount of pressure squeezing 
and the degree of interaction are controlled by the value of 
Poisson1s ratio«, 
When Poisson's ratio equals zero, there is no sidewise 
bulging of the rod as dilatational waves move along it. The 
amplitude of the transverse compressional wave is zero « In 
the absence of frictional and inertial coupling, the wave mo­
tions in the air and rod are completely uncoupled. As ex­
pected, the propagation constants for the air wave. .are the 
same as those for free air, and the propagation constants 
for the longitudinal wave in the rod are the same as those 
for a long rod in vacuum» These propagation constants were 
first encountered in Subdivision A above. In that case, how­
ever, only the wave motion in free air was observed because 
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the solid had disappeared in the limit. In this case, both 
media are present in the limit, and uncoupled wave motions 
are observed in both air and solid. 
When Poisson's ratio is finite, the rods will expand and 
contract transversely as longitudinal waves move along them. 
Even when frictional and inertia! coupling forces are absent, 
the wave motions in the air and rod are coupled by pressure 
squeezing. The pressure coupling comes into the expressions 
for the propagation constants as a correction term in crx. 
As expected, when cr = o, the correction term disappears, and 
the propagation constants have their uncoupled values as 
above. When Poisson's ratio is maximum (0.5), the correction 
term has its largest value. This is also the expected re­
sult, as the amount of transverse expansion and contraction 
by the rod is maximum. Moreover, for a given value of <r , 
the magnitude of the correction term increases as the rods 
become more flexible. 
P. Limiting Case of Air Removed From Model 
It is now assumed that the air in the model is pumped 
out. In this limiting case, one of two media which consti­
tute the model is removed, so there is no possibility of 
viscous or inertial coupling (Kr and K" are both zero). 
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Moreover, the air density, pol , and the dimensionless modulus 
ratio, % , are also zero. The fourth-order equation in y 
becomes 
# + (-, - ^ + ^  = o , 
= -r( i  + 4 ^ )  1 TO - ^ )  •  
^ = + ± ! 
As in Subdivision E above, the first pair of propagation con­
stants corresponds to uncoupled wave motion in the rod. The 
second pair of propagation constants represents uncoupled 
wave motion in the air. However, the air has been removed 
In tills case, and the second pair is without direct physical 
significance. 
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IV. REFLECTION AND TRANSMISSION AT SURFACE 
OF SEMI-INFINITE MEDIUM 
Up to this point the only matter under discussion has 
been the propagation of sound in an unbounded medium» It is 
now of interest to apply boundary conditions to the problem 
under consideration. First, the model is assumed to be semi-
infinite in extent, A plane drawn through the origin of the 
coordinate system defines the boundary between free air and 
the rods of the model. The half-space to the right of the 
origin is filled by the model, the axes of the rods lying 
perpendicular to the boundary plane » The half-space to the 
left of the origin is filled with air, which is assumed here 
to approximate an ideal gas » It is further assumed that 
right-travelling plane waves, which originate in the left 
half-space and have their propagation direction along the 
x-axis parallel to the rods, are incident upon the surface 
of the model. Part of the energy carried by the plane waves 
is reflected at the surface, and part of it is transmitted. 
The transmitted energy travels in the two media of the model. 
It is now necessary to consider the conditions imposed on the 
field variables at the surface of the model. 
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Ao Application of First Boundary Condition 
1, Open surface 
If the surface of the model is open (uncovered by a mem­
brane) , the sound pressure will be continuous across the 
boundary. Fig. 10 illustrates this case. The following ex­
pression relates the volume velocity just to the left of the 
boundary and the volume velocity just to the right of the 
boundary; 
Here --u is the particle velocity in the free air to the left 
of the surface, and u^,u^ are the particle velocities in the 
air and in the rods Inside the model to the right of the sur­
face. The continuity of sound pressure requires that 
p = Pj_ = P2* where p is the sound pressure in the free air 
just to the left of the surface and p1#p2 are the sound 
pressures in the air and rods just inside the model. 
The normal-incidence, characteristic impedance at the 
surface of the open-faced model can be defined as follows : 
C-c ( | + =u.1A(4-axA7_ 
2 
•X=0 C 
The propagation constant y takes on four values. How-
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i 
i 
I 
v 
x=0 
Pig. 10„ Open-faced semi-infinite model 
I 
j 
x=0 
?ig. 11. Membrane-faced semi-infinite model 
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ever, only two describe right-travelling waves. The other 
two values correspond to left-travelling waves and are not 
needed to describe the sound field inside the semi-infinite 
model, as only right-travelling waves propagate through it. 
The sound pressures and particle velocities inside the model 
can be written in the following form, omitting time depend­
ence : 
I iJtl-K » ijJ'-K 
-fh = 1*-, e 4- --fh e ) 
-f-i. — e + -as. <f > 
/ JJ L> 
u, - -c -f -U| e ; 
i l L^'-x h ,0^ ."*' 
ç -4- -Ut. e 
Here the primed terms correspond to one of the y values, and 
the double-primed terms correspond to the other y value„ 
Boundary conditions at the surface of the model may now be 
written 
-f- = -rs + + -r m z 
Then, i i n „ n 
~ if, + a=L - -f, = o j 
ii X-gz.,' / l 
u 
n I
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ever, only two describe right-travelling waves. The other 
two values correspond to left-travelling waves and are not 
needed to describe the sound field inside the semi-infinite 
model, as only right-travelling waves propagate through it. 
The sound pressures and particle velocities inside the model 
can be written in the following form, omitting time depend­
ence : 
, It 
I IA'tc n 
-f2-, = if2-, e + --fS e 
- -f-n. C + "f-L If 
u, - ut -ç -f ut e 
I LUJIC II JJ-.-
Ut_ = U^_ -e -4- e 
Here the primed terms correspond to one of the y values, and 
the double-primed terms correspond to the other y value » 
Boundary conditions at the surface of the model may now be 
written 
II 
z 
Then, , , „ „ 
" f-, + ff-L - = O j 
6o 
• o 
oc-o 
- (' A\ a, J 
-W + Tpi 
u, u, " + 7 r <  + -?r, 
ia ,  
= ( \ + 
a 
u. 
V — MiO 
+ _A A m  
(*Hp 
*" (£-0 
+ _W_U^ A-i I u." i 
•W 
T.-+-%••£ 
(20) 
where, 
{ I + k'j {' +• ?- S (l- <T)} +• "2. S <r k1 — y-
SK
'(i+^ 7 r^) + -^7ï^ ,r 
(16) 
?,+x?x _ f + ^-fe-c^-Q 
f"' £ { k' + ( 14-k') icr^  
(14),(15) 
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2. Closed surface 
Now consider the surface of the model to be covered by 
a thin, rigid, impermeable, and massless membrane. Here the 
particle velocity is continuous across the boundary surface. 
This situation is depicted in Fig. 11. The following expres­
sion is valid for the force exerted on the surface of the 
model: 
In this case, u = u^ = u^. The normal-incidence, character­
istic impedance at the surface of the membrane-faced model 
can be defined in the following manner : 
= - -iL\ À| + 
J 
^ (si .  U 
-ff2/ •+• -fi-i + (-flzv+ i2?.") 
U,' + K 
Now 
Jî I! 
LA. 4- IA 
u 
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!A, 
f W f  
it_ 
f-^-0 
u. 
where, 
iii= Ï1 
u i 
— {»+ k'}{i *-£7** (l + <r)(i-<r)} 
- "
Lcr
- k' { I +-^ H I (l-t-<r)(-V <r)] 
(17) 
T, k'S[i+^-4S C^O(i-^I + âl-x: f^fS (1^,(18) 
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S, Impedances in the Limiting Cases 
It is now of interest to determine the characteristic 
impedance of the open-faced model in the limiting cases which 
were introduced in Sect. III. 
1. Limiting case of no solid 
In this case Ag—*"0, and the expression for the charac­
teristic impedance of the open-faced model becomes: 
2=, = - = foic, -= T- = foi c, . 
•x.-o 1 I 
Here Equation (lij.) was used to determine the ratio p^/P^. 
The value of y used here corresponds to a right-travelling 
wave in free air. Thus, the characteristic impedance of the 
open-faced model equals the characteristic impedance of free 
air when the rods disappear. This is the expected result. 
In the earlier discussion of this limiting case in Sect. 
Ill, the other propagation constant, (g -^~J^ , which corre­
sponds to a right-travelling wave, was excluded for physical 
reasons. It is interesting to note that the same result as 
above can be obtained from the general expression. Equation 
(20), if both propagation constants are considered when 
A^ 0. Thus, 
y"= 1  > s-^ 7 ' 
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= 
•it\ 
( \  + K') + iso-f' -
-f-, tr 
* o 
% -O 
f-c 
ft' - ft" 
S K '  
oI "-| 
" (i+k')+ T-STk'-a-"1" I (l + K') +T-£<rk'-<3'^ \ S"k' Sk' J 
— /°oi C, since K'—>0 when A^ —> 0. 
2« Limiting case of no air 
Only one right-travelling wave is present in the medium 
when the air has disappeared. In this case the characteris­
tic impedance of the open-faced model can be written with the 
assistance of Equation (19) 
- — 
o 
TC.-0 U, 
= f' o» 
— i°OI C1 
A 
= fo, 
. s  Cl-<S")(.i + k ' )  f r  
0- A  'A 
If the solid is perfectly rigid: E = ^ , 5 — o_, 2 - <=o: 
This is the expected physical result. 
If Pois son's ratio equals 0„5> the impedance is also in­
finite. When the material is incompressible, the surface of 
the model must be displaced laterally as much as it is pushed 
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in by the incident sound waves. The surface of the model is 
assumed to be infinite in width, so it cannot move laterally. 
The impedance becomes infinite as expected. 
If Poisson's ratio equals zero: Z — (foxE)^ „ This 
impedance assumes a more familiar form when the properties 
of the solid change so that they are the same as those of 
free air. Then E = fa~xc^~ , and £ = , the characteristic 
impedance of free air. 
In the analysis of this case, the infinite propagation 
constant corresponding to waves travelling in the non­
existent air was not considered. It is of interest to note 
that the same result can be obtained from the general expres­
sion for the characteristic impedance of the semi-infinite 
model, Equation (20), if both propagation constants are 
brought into the analysis. Careful attention must be given 
to the limiting process » The algebra is cumbersome and is 
omitted here as it contributes nothing to a deeper under­
standing of the problem, 
3. Limiting case of rigid solid without frictional or 
inertial coupling 
The expression for the characteristic impedance of the 
open-faced model is obtained from the general expression, 
Equation (20), by first assuming that K' = K" = 0 . Further, 
S is assumed to be small, but finite, and the two propa­
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gation constants are y1 = 1, y" = X „ In the limit, both y 
and S go to zero» 
Ti zs<r 
a  1 c 
4% 
A < 
At-
T< +^=-PL = {' + "XT ^  O + fr<r-0 
= 
-c-o 
m h-x)të \ f\, %&(T 
i-Sft-=•)-£" --g-^ so-
a'*- P 
| t '2.§(i-'r)-g! 
A-
^ i 
A.c.  
' O 
-X-o 
_/V_ 
A x  
2-C" 
0 - 0 t"~^ T~ + ^''  fcf-Oi 
ii Ai. 
£ a<r 
— fc- c 01 I 0 +-sr) = ,c, 
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This is the expected result. When A-j_ —> 0, only the rigid 
only the air remains, and the impedance equals the character­
istic impedance of free air. 
lj_. Limiting case of rigid solid with frictional and inertial 
coupling 
The approach is similar to that taken in the preceding 
limiting case. Here, however, the coupling coefficients K' 
and K" do not vanish. Substituting the appropriate values 
solid is left, and the impedance is infinite. When Ag —s» 0 
in Equation (20) and for the ratios v j and v -f-, /i  J 
allowing S —> 0 and the expression for the character­
istic impedance of the open-faced model becomes : 
if = ! + «•, 9""= y\ 
= f=,c, 0 + -sr) 4 4- k'-I4K'-^ ( l+* ' ) - [*+* ' )  
( I+ Y 
y —°j 
Z. = 0 + -fe)(l + k')/" = /oi^ I f. . i ^ 17. \ ^ 
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The above expression is in agreement with the result of the 
preceding limiting case if K' - 0. By definition A^ is equal 
to the porosity P. The result is identical to an expression 
derived by Cremer (8, p. li^l) for the characteristic imped­
ance of a rigid, porous material. The present analysis is 
again in agreement with earlier theoretical work on sound 
absorbing media. 
Limiting case of flexible solid without frictional or 
inertial coupling 
The expression for the characteristic impedance of the 
open-faced model is cumbersome in this limiting case and con­
tributes little to a deeper understanding of the problem. 
However, it is of interest to show that it reduces properly 
for the limiting values of Poisson's ratio. 
If cr = 0' , = P + -£t) . 
Further, if E = oc, S = o t 5o ==• fo, ( 1 + ~K7> * 
When the rods are rigid and <r-0, the result is the same as 
that obtained in Subsection 3 above. 
If <r=- §, the expression for the characteristic impedance 
is still unwieldy. However, when the rods become rigid, it 
simplifies to the same impedance as that above: 5 
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The impedances reduce properly for both the minimum and maxi­
mum values of <r . 
6. Limiting case of air removed from model 
In this case there is no propagation in the space be­
tween the rods. Both Kr and K" are zero. In addition, the 
air density, pot , and the dimensionless modulus ratio, S , are 
also zero. The characteristic impedance of a vacuum is zero. 
Hence, the characteristic impedance of the model in this lim­
iting case is entirely controlled by the rods, 
2 
~<c-o 
o 
=  c
'  
K  c ,  
E:)''1 
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V. REFLECTION AND TRANSMISSION AT FREE-AIR SURFACE 
OF RIGIDLY-BACKED MEDIUM 
A. Application of Second Boundary Condition 
In Sect» 17 a model was studied, which extended from a 
plane passing through the origin of the coordinate system 
to plus infinity, completely filling the right half-space. 
Suppose now that the model extends only to a distance x =. Jl , 
the remainder of the right half-space being filled with a 
solid material of perfect rigidity. All of the energy car­
ried by right-travelling waves inside the model, which 
reaches the plane passing through x = /, will be reflected 
at the rigid surface. It is necessary in this case to con­
sider both right- and left-travelling waves. 
1» Reflection of energy at rigid surface 
Considering the presence of both right- and left-
travelling waves in the model, the sound pressures and par­
ticle velocities in the air and in the rods may now be writ­
ten 
u e£^ -x 
u. 
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The subscript i is associated with the incident or right-
travelling waves, while the subscript r is associated with 
the reflected or left-travelling waves » It is convenient 
at this point to introduce the following notation: 
UV ' — "fac _ "f-zr 
f/Z " ("le 
Cjb = U.1 L 
u I L 
U ir 
U i r 
:• - _ Jdir <p 
u 
It 
u i r 
n = 
xi. H  ^
£< I L ,^'r 
H. = = = _ 
M i r 
<3 ^  
u' 
-G-, H 
_ 
M 2-£. W. "î. r 
At the interface between the rods and the rigid solid, 
the particle velocities of the incident and reflected waves 
are zero. At x = J? s 
U,; p +" e +- + e 
ii -L^Jl 
— o 
+• £ 
— I -I 
+ €. + e = o 
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Dividing both equations by u./L } 
e-W + sL (Li*"À-e + J4- = o 
C Ja'-t-e . jÇ. .-'S'-1.-» . ili Q 
~ i. i V /J ' fj 1 V" £*/l tiIL  ^n. 
The last equation becomes 
iL - 0, 
( £ -  < # > " ) ( +  ^ £ ' " '  '  I  =  °  •'•^ c^  j Uir 1 = 
Ll'i 
I. 
if f + , -0±- = - e~s'^  . (22) 
w
,i 
Similarly, dividing the two equations above by Ult . the fol­
lowing expression is obtained: 
U 
a 
^ = - e . (23) 
2. Analysis for open-faced model 
Next it is necessary to consider the boundary conditions 
at the front surface, that is, at the interface between the 
free air and the model, These conditions are the same as 
those considered in Sect. 17 for the semi-infinite model. 
Here, however, it is necessary to consider both right- and 
I k  
left-travelling waves. 
At x = 0, p1= p2, 
11 
+ lf-1 V- +• "if2-IL + f-, r — 7^ 2-t + 4- Tf^ -iL 4-
(i- r) + *co- v'J + e," (i- r") t Y,: 0- f") = 
(•fu +• ÏSV ) f 1 - V) + ( i*-,l +" tSr-) Û ~ =  ^j 
U," =  _ il', l-f' I H-
(/.;c -O." i - y" 1 4- e^ 5^"2 (2W 
How that the particle velocity ratios have been determined, 
it is a straightforward matter to find the acoustic impedance 
of the open-faced model with finite thickness, 
Tf = C 
= ('+*) 
-iSt + f-, f-," + 
UI'l + um +" U, 1A + 
"AT (W <v ) 
-W«_ + "tv - !,_^ n (W«- + f-ir) 
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(25) 
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This expression for the acoustic impedance at the sur­
face of the open-faced model of finite thickness closely re­
sembles the corresponding expression for the semi-infinite 
model, Equation (20). Hyperbolic tangents appear in the de­
nominator of this expression to account for the reflection 
of energy from the rigid backing surface = The ratios 
appearing in Equation (25) are equivalent to the correspond­
ing ratios appearing in the analysis of the semi-infinite 
model: 
12H 7*/+~7tTI T," . 
If,' ' f," ' f,' ' f-'" 
This equivalence is demonstrated by recalling that the ratio 
-j— can be expressed in terms of the physical properties of 
the model in several different ways, depending upon which 
three of the four basic equations are used to obtain the 
ratio. Any one of these ratios depends only upon y and the 
physical properties of the model. It is independent of the 
boundary conditions. Therefore, 
±L. - , 
T^ lL T^ ll- Pi 
(finite-thickness model) (semi-infinite model) 
±L- jA. = -éL . 
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Similar considerations hold for the particle velocity-
pressure ratios„ Once for the semi-infinite case is 
-%=o 
determined, it is a simple matter to find iE.0 for models 
-K-0 
with finite thicknesses. 
3« Analysis for membrane-faced model 
Four waves, two of them right-travelling and two of them 
left-travelling, must be considered as with the open-faced 
model of finite thickness» The boundary conditions at the 
front surface now become 
1^L "**  ^! r- + ^  IL + ^ l r _ 1/1 l-t. + +• 1/1 Î.L + t-Lv ) 
^,L (1 ~ 41') + Mir 0 - <£') + Ci -^"J + uiv^ 6 - 41") - ° j 
( I - < # . ' ) ( ! -  e 2 ' 9 ' ^ )  +  6 - < P " ) 0 -  O  ,  
fci1L 
JiI - !-4)' _Ll 
Wu l-$>" 1 - e 
-Li <Q"JcaJL 
Then, 5 ' = ' 
C I + — 
^ = o 1 A -^  *1 
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By insertion of the appropriate ratios of pressure to par­
ticle velocity, 
2c = 
"% = £> 
(26) 
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VI. NUMERICAL ANALYSIS 
It is now appropriate to apply numerical values to the 
parameters appearing in the theoretical analysis, so that a 
comparison can be made between experimental evidence and pre­
dicted performance. The flexible, porous materials of great­
est engineering interest are of two types : cellular and 
fibrous. The first type is produced by chemically or mechan­
ically foaming a polymeric substance to form an array of 
small pores or cells, some communicating with one another and 
some being completely closed» The second type consists of a 
random entanglement of fibers. 
The cellular substances have not yet found as wide engi­
neering application as fibrous materials. However, they are 
of considerable physical interest. The parametric values of 
the numerical analysis have been chosen to correspond as 
closely as possible to the values associated with typical 
cellular substances » 
A. Description of Models Studied 
1. Parametric values associated with models 
The expressions for the propagation constant y and the 
characteristic and finite-thickness impedances derived in 
8o 
preceding sections have been written in terms of a number of 
parameters, which describe the performance of the model as a 
function of frequency. Those parameters which have been as­
signed constant values in the numerical analysis are tabu­
lated below» 
Table 2» Parameters assigned constant values in numerical 
analysis 
Parameter Value assigned 
Density of air 1.18 x 10""^  g/cm-3 
Velocity of propagation in air 3.1(4 x 10^ " cm/sec 
Density of solid 1.2 g/cm 
Poisson's ratio for solid 0.45 
Area occupied by air/unit area 0.88 
Area occupied by rods/unit area 0.12 
Thickness of model 2.54 cm 
Three other parameters, the viscous coupling constant 
the inertial parameter e , and the elastic modulus E for the 
solid material, have been assumed to take on a range of val­
ues corresponding to those assumed by various engineering 
materials « 
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2. Justification of parametric values assigned 
The density and propagation velocity of air are real 
constants, which assume the values of Table 2 at room temper­
ature « The other constants appearing in Table 2 represent 
the particular class of models chosen for the numerical anal­
ysis, also at room temperature. 
The density of many polymeric substances lies in the 
vicinity of 1.2 g/cm^. This value has been chosen as repre­
sentative of the density of the solid components in the cel­
lular structure = 
Poisson's ratio for most polymeric substances lies in 
the range between 0.1j.0 and 0.50. A value of Poisson1 s ratio 
equal to OoljJ? has been assumed for the numerical analysis, 
as it is the mean value in the above range. The cellular ma­
terials of greatest interest from an engineering standpoint 
are heavily plasticized. Chemical constituents are added to 
the polymer base to make the cellular structure highly flex­
ible. Values of Poisson's ratio for rubbers and rubberlike 
substances approach 0.$0, the upper limit for real materials„ 
When the ratio equals 0.$0, the substance is incompressible, 
The increase in volume in a direction perpendicular to the 
applied stress just equals the decrease in volume in the di­
rection of the stress. 
It might be argued that it would be more appropriate to 
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assume a Poisson ratio of 0.^0 for the cellular materials. 
However, it is not advantageous to do this, because a Poisson 
ratio equal to 0«50 represents a limiting case. The equa­
tions of motion are somewhat simplified, but the validity of 
the theory is restricted by this assumption» Moreover, real 
substances can only approach a condition of incompressibility, 
and Poisson's ratio must always be less than 0.^0 for engi­
neering materials, A value of Q .\\S appears to represent a 
good compromise for the purposes of the present analysis„ 
It would, of course, be of interest to include more than one 
value for Poisson1s ratio, so that the importance of this 
parameter to the absorption process could be estimated with 
greater precision. Unfortunately, this was not possible in 
the present study due to the limited computational facilities 
available. 
The area occupied by the air per unit area of the model, 
A1, corresponds directly to the porosity, P, of real sub­
stances . As mentioned in Sect « I, the porosity of most en­
gineering materials exceeds 0.70. It should be pointed out 
that the closed cells in a cellular structure do not contrib­
ute significantly to the absorption process„ For most pur­
poses, these cells can be considered just as if they were 
filled with solid polymer. Hence, the percentage of open or 
communicating cells determines the porosity. Measurements on 
a number of cellular polymers showed that a porosity of 0.88 
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cal interest, the numerical analysis was carried out for 
values of the specific viscous coupling constant equal to 
30, 300, and 3000 cgs units. For the purposes of the present 
study, the viscous coupling constant is assumed to be inde­
pendent of frequency. Cremer (8, p. 137) has shown that at 
high frequencies the flow resistance increases slightly with 
frequency. However, up to a frequency equal to 250 C , the 
~ " _L<L 
flow resistance remains constant. Thus, the assumption that 
the flow resistance is independent of frequency does not lim­
it the present analysis even for the lowest value of O^ 
chosen. 
While it would be desirable to extend the calculations 
up to 5000 cycles per second (cps), an upper limit of 2000 
cps will be assumed for several reasons. The performance of 
the model in the frequency range below 2000 cps is of great­
est physical interest. Once the behavior at the lower fre­
quencies is known, an estimate of the performance at the 
higher frequencies can be made with reasonable accuracy. Due 
to the laboriousness of the calculations, it appeared best to 
concentrate on the lower frequencies, that is, those lying 
between 125 and 2000 cps. 
/ 
At the present time there is no direct method for deter­
mining the range of values of 5 for real materials. None­
theless, it is desirable to obtain some appreciation of the 
influence of inertial coupling forces on the absorption 
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process. Three values for this parameter have been chosen: 
0, 10, and 100. The comparison between theory and experiment 
was carried out with the assumed value of 6 equal to zero. 
To do otherwise would reduce the theoretical development to 
one which is essentially phenomenological. 
Finally, it is necessary to specify values for the 
Young's modulus of the solid medium. It is convenient to 
make the modulus a complex quantity incorporating both the 
ordinary dynamic elastic modulus (real part) and the viscous 
loss in the polymer (imaginary part). This approach has been 
taken by Nolle (11) and others. 
Values for E have been chosen which represent a typical 
elastomeric substance. These values were obtained from a 
study of the work of Nolle (12), Oberst (13), Becker and 
Ob erst (llf)» They are plotted in Fig. 12. The interrela­
tions between the real and imaginary parts of a complex func­
tion of frequency, such as Youngrs modulus, have been care­
fully studied by other investigators, MacDonald and Brachman 
(15) and Lee (l6). It is not possible to characterize a 
physically-realizable substance by arbitrary choice of the 
real and imaginary parts of Young's modulus. Although the 
modulus of Fig. 12 does not represent any particular material, 
many rubberlike substances have similar properties, and this 
Young's modulus is typical of many. Chemical formulation of 
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Fig. 12. Real and imaginary parts of Youngr s modulus 
plotted as a function of frequency 
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a number of polymeric substances would in all liklihood yield 
a substance with such a typical modulus « 
As another phase of the numerical analysis, values of 
Young's modulus were selected which were known to have little 
chance of physical realization. In order to increase the 
participation of the structure in the absorption process, the 
magnitude of Young's modulus, shown in Fig. 12, was arbitra­
rily reduced by factors of 10^, lcA, and 10^. Admittedly, 
this is an artifice. However, some information was desired 
on the influence of skeletal elasticity on the performance 
of the model. Moreover, it is known'that the elastic moduli 
of real, cellular materials are considerably smaller than the 
moduli of unexpanded, solid polymers. The introduction of 
smaller Young's moduli, while somewhat arbitrary, contributes 
to a better understanding of the performance of the model, 
B. Results of Theoretical Analysis in Specific Cases 
The influences of the three controlling parameters on 
the impedance curves have been studied for a class of models 
which is represented by the fixed constants given in Table 2. 
Different parametric choices would be expected to produce 
other impedance characteristics. However, the values chosen 
for the constants are sufficiently close to those of real, 
cellular materials that the broad conclusions drawn from the 
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Fig, 13. Influence of variations in elastic modulus of 
skeleton on specific acoustic impedance 
(Z/pc = R/pc -+- %/pc) of model. Viscous coupling 
constant = 3000, inertial parameter 6=0. 
Approximate magnitude of elastic modulus E marked 
on curves: 10 , 10®, and 00 dyn/cm2. Variations 
of modulus with frequency as shown in Fig. 12 
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On the other hand, if the magnitude of the elasticity 
modulus were increased to 10"^ dyn/cm2, the impedance compo­
nents would nearly coincide with the curves shown for the in­
finitely rigid model. This implies that the structure does 
not participate at all in the motion when the magnitude of 
10 2 the modulus exceeds 10 dyn/cm . 
The changes in acoustic impedance associated with the 
various values for the elastic modulus have a direct influ­
ence on the absorptivity of the model. The relationship be­
tween absorptivity and impedance was given by Equation (7)•> 
In Fig. 13 and all impedance curves which follow, a com­
pliant reactance has been plotted as a negative quantity in 
conformance with electric-circuit theory. This is at vari­
ance with the assumption on space-time dependence in Sect. 
II, but it is a convenient artifice » If compliant reactances 
were plotted as positive quantities, they would be superposed 
on the real parts of the impedance. 
2. Influence of viscous coupling 
The influence of viscous coupling on the finite-
thickness impedance of the model is shown in Fig. llj., which 
8 2 is plotted for an elasticity modulus of about 10 dyn/cm 
and a value of € = 0. It is observed that a reduction of the 
viscous coupling constant from 3000 cgs to 30 cgs has a large 
influence on the impedance of the model» For small values of 
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VII. EXPERIMENTAL WORE 
The performance of a group of cellular materials was 
studied experimentally by measuring their acoustic imped­
ances „ In addition, the most important parameter influenc­
ing sound propagation in the materials (viscous coupling 
constant) was measured, and the porosity of representative 
samples was determined0 
A. Acoustic Impedance Measurements 
The tube method was used to determine the specific 
acoustic impedances of the materials under study. This ex­
perimental technique has recently been standardized by the 
American Society for Testing Materials. Details of the test 
method are to be found in an ASTM publication (17). It is 
sufficient to include here only a brief summary, so that the 
limitations of the test method can be discussed. 
To those who are familiar with electric transmission 
line theory, the tube method for the measurement of the im­
pedance and absorption of acoustical materials will be easily 
visualized when the appropriate electro-acoustic analogy is 
introduced. Indeed, the mathematical description of sound 
propagation inside a tube and the propagation of electrical 
energy along a transmission line are identical when voltage 
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is substituted for sound pressure and current for volume ve­
locity. 
The acoustic "transmission line" consists of a long, 
cylindrical tube of uniform cross-section with walls which 
are essentially rigid. The walls transmit and absorb negli­
gible amounts of sound energy. The material under test is 
mounted at one end of the tube. At the other end, a source 
of sinusoidal plane waves is located. Standing waves are set 
up in the tube when waves of reduced amplitude, which are re­
flected from the surface of the sample, interfere with waves 
travelling from the source toward the sample. A pressure 
microphone is moved along the tube axis to probe the standing 
wave. The ratio of maximum to minimum sound pressure in the 
standing wave and the locations of the two pressure nodes 
closest to the sample are measured. It is then a straight­
forward matter to compute the impedance at the surface of 
the sample and the percentage of the incident sound energy 
absorbed at it by using charts of the hyperbolic functions, 
which were developed for electric transmission lines = 
The tube used in the experimental work was 100 cm long. 
The lower limit of the frequency range over which measure­
ments can be made is determined by the length of the tube. 
The shorter the tube, the smaller the number of pressure 
minima which can be measured at a given frequency. At low 
frequencies, a long tube is required if two successive minima 
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were placed in contact with a rigid block, which was fitted 
tightly to the end of the tube. This rigid backing is the 
simplest and most easily controlled mounting for acoustical 
materials. It is widely used in experimental work and engi­
neering applications. 
The ASTM method claims a precision of ± 0.01 in the ab­
sorption coefficient and a.corresponding precision varying 
between ±.0.05 pc and ±0.2 pc in the specific acoustic im­
pedance. This precision may be obtained with rigid, porous 
materials. However, the method does not make quantitative 
allowance for the influence of mounting conditions on the 
performance of very light, flexible materials of the type 
studied in this investigation. Beranek (18) has shown that 
clamping effects of the tube walls on the edge of a light­
weight, non-rigid sample introduce variations in the imped­
ance curves at frequencies below £00 cps. To account for 
this restraining action, it is necessary to treat each layer 
of the sample as a clamped-edge, dissipative diaphragm. 
Since no straightforward theory is available for calcu­
lating the mechanical impedance of such a system, it has not 
been possible to make a quantitative estimate of the influ­
ence of the clamping on the measured acoustic impedance. 
However, it is believed that the precision achieved in this 
phase of the experimental work is on the order of that 
claimed by the ASTM method at frequencies of $00 cps and 
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above. At the lower frequencies, it is estimated to be on 
the order of ±0.02 and ±2 pc for the absorption coefficient 
and acoustic impedance respectively. 
Bo Flow Resistance Measurements 
The viscous coupling coefficient is directly related 
to the air resistivity or flow resistance of an absorbing 
medium. The flow resistance is defined as the ratio of the 
pressure drop across the sample to the velocity of air flow­
ing through it. The cgs unit of flow resistance is the rayl. 
It is defined as the air resistivity of a sample which has a 
pressure drop of 1 dyn/cm2 across it when air is flowing 
through it with a linear velocity of 1 cm/sec. 
Beranek (6) has shown that the flow resistance of a ma­
terial may be approximated with sufficient accuracy by a 
steady air-flow method. This is in agreement with the result 
of Cremer ( 8, p. 137)> which was cited in Sect » 71. Beranek 
(19, p. Sljlj.) has also given a detailed description of the 
method and the apparatus required. 
Briefly, the flow resistance of a sample is determined 
by measuring the pressure drop across it by suitable manome­
ters and the velocity of steady air flow through it with 
suitable flow meters. Following the detailed procedure pre­
scribed by Beranek, the estimated precision is within the 
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range ± 5%. The determination of small flow resistances is 
the least accurate due to the difficulty of measuring small 
pressure drops across the sample. 
Co Porosity Measurements 
The porosities of representative samples from the group 
of cellular materials were determined by a method which has 
also been described by Beranek (19* P» 8^4)-
Briefly, this method consists of placing the sample in­
side a closed container with an internal volume slightly 
larger than that of the sample. The volume of the container 
is then incrementally changed, and the variation in pressure 
is noted. If the temperature does not vary during the volume 
change, Boyle's law (pV = constant) may be applied to deter­
mine the volume of air, V, which is enclosed by the sample 
and participating in the thermodynamic process. Closed cells 
in the sample do not communicate with their neighbors, so 
they do not enter into the volume, V, of the Boyle's lav/ cal­
culation. As far as the porosity measurement is concerned, 
these closed cells can be considered to be filled with solid 
polymer. 
The effective porosity of a cellular material may then 
be defined as the percentage of the total volume occupied by 
open cells. The estimated precision of the porosity measure-
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ment was on the order of ± 0»5^« 
D. Experimental Observations 
The cellular materials studied in this investigation 
were of two different types. The first series of li|_ samples 
was produced from a thermosetting polymer base by an exother­
mic foaming reaction. The second series of 27 samples was 
produced from a thermoplastic polymer base by an endothermic 
foaming reaction. Examination of the cellular structures of 
these two groups under low-power magnification revealed dif­
ferences between them. The first samples exhibited little 
evidence of residue; however, residue from the chemical re-
actants could be observed in many samples of the second 
series, 
Unicellular or closed-cell media were excluded from the 
present study. These materials have essentially infinite 
flow resistance. There is no opportunity for an air-borne 
wave to propagate through them, since the individual cells 
are completely isolated from one another by walls of solid 
polymer. These materials were found to exhibit poor absorp­
tive performance except over narrow frequency ranges, in 
which structural resonances are excited by the impinging 
sound waves. At frequencies above and below these resonances 
the unicellular material is essentially motionless. Its 
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impedance is large, and only one or two percent of the inci­
dent sound energy is absorbed. Most of the energy is re­
flected from the surface of the sample. 
Large differences were noted among the open-cell mate­
rials, which comprised the two series of samples tested in 
the experimental part of this investigation. While most of 
the cells in these materials were interconnecting, the ease 
with which air could flow from one cell to another varied 
widely among samples. The air passages connecting cells in 
some materials were so small that the samples exhibited 
essentially unicellular behavior. Other samples were so 
open that they offered very little resistance to air exchange 
between neighboring cells. The cellular structure of one ma­
terial had been partially dissolved leaving a lattice of fine 
filaments. The flow resistance of this sample was too low 
for measurement with standard manometers and is not included 
in the range of measured values given below. The impedance 
of this material approached that of free air. The amount of 
sound energy it extracted from the impinging sound waves was 
negligible. 
The majority of the samples tested were found to lie 
between these extremes. Experimental data on representative 
samples from each of the two series are presented in Sect, 
IX o 
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The measured values for the samples of these two series 
covered wide ranges. Impedance magnitudes were found to lie 
between 0 and 25 f>c„ Absorption coefficients ranged from 
O.Olj. (the practical lower limit on absorption measurement by 
the tube method) to 0.99» Measured flow resistances covered 
the range between 20 and 28,500 rayIs * The measured porosi­
ties ranged from 0.85 to 0.- 996° 
Generally speaking, the thermosetting samples of the 
first series exhibited lower flow resistances and higher po­
rosities than the thermoplastic samples of the second series. 
The porosities of the representative thermosetting materials 
were all above O.92, while those of the thermoplastic mate­
rials were appreciably lower. The value of 0.88 chosen for 
the numerical analysis represents the mean of all porosities 
measured and is a good compromise between the two types of 
cellular polymers tested. The differences between the two 
types of samples can be attributed to variations in their 
cellular structures. 
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VIII. COMPARISON BETWEEN THEORY AND EXPERIMENT 
It has been shown in the preceding sections that the 
most important parameters Influencing the propagation of 
sound in a flexible, porous medium are the viscous coupling 
coefficient, and the complex elastic modulus, E. The 
viscous coefficient is the more important of the two, because 
it assumes a very wide range of values for physically-
realizable materials. In the numerical analysis of Sect. IV, 
specific viscous coupling constants equal to 30, 300, and 
3000 cgs were selected to cover the range of greatest physi­
cal interest. 
It was necessary to start the numerical analysis before 
the flow resistance measurements were completed. Only one 
sample in the two series came within 10$ of the values chosen 
for the numerical analysis. Comparison between theory and 
experiment is based on data obtained for this sample. As 
shown in Fig. l6, agreement between predicted and measured 
performance is reasonably good. 
The predicted reactance curve crosses the zero axis at 
about 750 and 1700 cps. The measurements showed no evidence 
of resonance in this range. However, the measured reactance 
curve crosses the zero axis at about 1800 cps. There may be 
a resonant condition at a frequency above the range of 
îolj. 
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measurement (125 to 2000 cps). 
Some of the other samples exhibited resonance within 
this frequency range. Data on a sample of the second polymer 
are plotted in Fig. 17. Here the measured reactance curve is 
similar to the predicted reactance of Fig. lo, but the flow 
resistance is considerably larger. A study of the influence 
of variations in viscous coupling on specific acoustic im­
pedance (Fig. 1 1±) might lead one to infer that a lower, not 
higher, flow resistance would bring a resonant condition in­
to evidence within the range of measurement. However, the 
two samples were foamed from different polymers. Qualitative 
observation of their flexibilities showed that the second 
polymer was less stiff. It has been seen that the elastic 
modulus also has an important effect on the acoustic imped­
ance of a sample. In fact, resonance is observed for small 
moduli even when the viscous coefficient is large (Fig. 13)„  
Thus, the apparently anomolous behavior of the sample in 
Fig. 17 can be explained on the basis of structural differ­
ences between two polymer samples. 
For purposes of illustration, the normal-incidence ab­
sorption (o(n ) coefficient for this sample is also plotted 
in Fig. 17. This has been obtained from a graphical repre­
sentation of Equation (7 ) .  
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